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Abstract
We study a topological property of function spaces in the Lipschitz category and show that certain
subspaces behave nice and that this holds in the smooth category. As a corollary, we show that the
so-called “Inverse function theorem” holds in this category.
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1. Introduction
Let M, N be Lipschitz manifolds without boundary and CLIP(M,N) the space of Lip-
schitz mappings from M to N with the compact-open Lipschitz topology cf. [1]. Let
HLIP(M) be the group of Lipschitz homeomorphisms of M , which is a subspace of
CLIP(M,M).
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In the previous papers [1,2,4], we investigated the structure of the group of Lip-
schitz homeomorphisms with compact support and its subgroups. In this paper we shall
study a topological property of CLIP(M,N). When M is compact, certain subspaces of
CLIP(M,N) have a following nice property with respect to this topology, which also holds
in smooth category (cf. Hirsch [5]).
Theorem A (Propositions 7, 8 and Theorem 9). The spaces of Lipschitz immersions, sub-
mersions and embeddings from M to N are open in CLIP(M,N) when M is compact.
As a corollary,HLIP(M) is open in CLIP(M,M) when M is compact. This implies that
the so-called “Inverse function theorem” holds in this category. But the result does not
hold under the compact-open topology. Furthermore we can remark that HLIP(M) does
not become a topological group with respect to the compact-open Lipschitz topology, but
it is a topological group with respect to the compact-open topology.
When M is not compact, Theorem A does not hold in general under the compact-
open Lipschitz topology. In this case we introduce the strong Lipschitz topology on
CLIP(M,N)(see Section 5). Then we shall show that certain subspaces of CLIP(M,N)
have the same property as that in the compact case (Proposition 13 and Theorems 14
and 15).
The paper is organized as follows. In Section 2, we review the definition of the compact-
open Lipschitz topology and define Lipschitz immersion, submersion, embedding and state
a proposition which plays a key role to prove our main theorems. In Sections 3 and 4, we
prove that the spaces of Lipschitz immersions, submersions and embeddings from M to N
are open in CLIP(M,N) when M is compact. In Section 5, we discuss the case where M
is non-compact and prove the same result as that in Section 4 under the strong Lipschitz
topology.
2. Preliminaries
First we recall the definitions of a Lipschitz manifold, a Lipschitz mapping and the
topology on the space of Lipschitz mappings following [1]. The definition of a Lipschitz
manifold is given by Whitehead [8] originally and Luukkainen and Väisälä [6] alterna-
tively.
Let M be an m-dimensional topological manifold without boundary. By a Lipschitz
atlas on M we mean a family S = {(Uα,ϕα)}α∈A of pairs (Uα,ϕα) of open sets Uα in M
and homeomorphisms ϕα of Uα onto open sets ϕα(Uα) in Rm satisfying the following:
(i) {Uα}α∈A covers M and (ii) if Uα ∩ Uβ = ∅, the transition function ϕβ ◦ ϕ−1α :ϕα(Uα ∩
Uβ) → ϕβ(Uα ∩ Uβ) from an open set of Rm to an open set of Rm is Lipschitz. We call
(M,S) a Lipschitz manifold and simply write M instead of (M,S). A pair (U,ϕ) of an
open set U in M and an open embedding ϕ :U → Rm is called a local chart of M if for
(Uα,ϕα) ∈ S , ϕ◦ϕ−1α :ϕα(Uα ∩U) → ϕ(Uα ∩U) and ϕα ◦ϕ−1 :ϕ(Uα ∩U) → ϕα(Uα ∩U)
are Lipschitz. Then, each member (Uα,ϕα) ∈ S is a local chart of M .
Let N be a Lipschitz manifold with S a Lipschitz atlas. As usual, a subset M of N is
called a Lipschitz submanifold of N if
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{
(U ∩M,ϕ|U∩M) | (U,ϕ) ∈ S, U ∩ M = φ
}
is a Lipschitz atlas on M .
Let M , N be two Lipschitz manifolds. A continuous map f :M → N is called a Lip-
schitz map if for any point p ∈ M , there exist a local chart (U,ϕ) of M around p and a
local chart (V ,ψ) of N around f (p) such that f (U) ⊂ V and ψ ◦f ◦ϕ−1 :ϕ(U) → ψ(V )
is Lipschitz. We denote by CLIP(M,N) the set of all Lipschitz mappings from M to N .
Remark 1. “A Lipschitz mapping” in this paper is not in the metric sense. For example, the
function f :R→ R defined by f (x) = xn (n 2) is a Lipschitz mapping by our definition
but it is not a Lipschitz mapping in the metric sense. This is why the word ‘locally’ is used
in the paper [6].
Remark 2. Let U be an open subset of Rm and f ∈ CLIP(U,Rn). If A ⊂ U has the compact
closure in U then f |A is Lipschitz in the metric sense.
We define a topology on CLIP(M,N) by imitating the way the compact-open Cr -
topology on the space of Cr -mappings is defined as usual.
For each local charts (U,ϕ) and (V ,ψ) of M and N , respectively, each compact set
K ⊂ U ∩ f−1(V ) and ε > 0, we let N LIP(f, (U,ϕ), (V,ψ), ε,K) be the set of all g ∈
CLIP(M,N) such that g(K) ⊂ V ,
sup
x∈ϕ(K)




ψ ◦ f ◦ ϕ−1|ϕ(K) − ψ ◦ g ◦ ϕ−1|ϕ(K)
)
< ε,
where lip(h) is the Lipschitz constant of a Lipschitz map h (in the metric sense). The sets
N LIP(f, (U,ϕ), (V,ψ), ε,K) form a neighborhood basis at f for a topology on CLIP(M,
N). We call this topology the compact-open Lipschitz topology.
A homeomorphism f :M → M is called a Lipschitz homeomorphism if f and f −1 are
Lipschitz. We denote by HLIP(M) the group of all Lipschitz homeomorphisms of M as a
subspace of CLIP(M,M) with the compact-open Lipschitz topology.
Next we give the definitions of Lipschitz immersion, submersion and embedding. Let
M and N be Lipschitz manifolds of dimension m and n, respectively.
Definition 3. When m n (respectively m n), a Lipschitz map f :M → N is called a
Lipschitz immersion (respectively submersion) if for any point p ∈ M , there exist a local
chart (U,ϕ) of M around p and a local chart (V ,ψ) of N around f (p) such that f (U) ⊂ V
and
ψ ◦ f ◦ ϕ−1(x1, . . . , xm) = (x1, . . . , xm,0, . . . ,0)
(respectively ψ ◦ f ◦ ϕ−1(x1, . . . , xm) = (xm−n+1, . . . , xm)).
We denote by ImmLIP(M,N) and SubLIP(M,N) the sets of all Lipschitz immersions
and all Lipschitz submersions from M to N , respectively.
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Definition 4. A Lipschitz map f :M → N is called a Lipschitz embedding if it is a Lip-
schitz immersion and a homeomorphism from M to f (M) with the relative topology as a
subset of N , whence f (M) is a Lipschitz submanifold of N .
We denote by EmbLIP(M,N) the set of all Lipschitz embeddings from M to N .
For u ∈ CLIP(Rm,Rm) such that Rm\u−1(0) is bounded (i.e., relatively compact), we
define a family of maps φt : Rm → Rm (0  t  1) by φt(x) = x + tu(x). Then we have
the following by the same argument as that in [1, Lemma 4.1].
Proposition 5. If lip(u) < 1, then {φt }0t1 is a family of Lipschitz homeomorphisms in
the metric sense. Furthermore we have lip(φt−1) 1/(1 − lip(u)) for each t .
Proof. We can easily check that φt is Lipschitz in the metric sense. First we show that φt
is a homeomorphism for each t . Suppose that there exist two distinct points x0, y0 ∈ Rm
with φt(x0) = φt(y0). Then we have
‖x0 − y0‖ = t ·
∥∥u(x0) − u(y0)∥∥
 lip(u) · ‖x0 − y0‖
< ‖x0 − y0‖.
This is a contradiction. Thus φt is injective for each t . Since Rm\u−1(0) is relatively com-
pact, it is easy to see that φt is a homeomorphism.
Next we show that φ−1t is Lipschitz. Define gt (x) = φ−1t (x)− x . Then we have only to
prove that gt is Lipschitz for each t . Since φt ◦ φ−1t = 1, we have gt (x) = −tu(x + gt (x)).
Thus for any x, y ∈Rm and each t , we have∥∥gt (x) − gt (y)∥∥ t · ∥∥u(x + gt (x))− u(y + gt (y))∥∥
 lip(u) · ∥∥(x + gt (x))− (y + gt (y))∥∥
 lip(u) · ‖x − y‖ + lip(u) · ∥∥gt (x) − gt (y)∥∥.
Then we have (1 − lip(u))‖gt (x) − gt (y)‖ lip(u)‖x − y‖ and hence ‖gt (x) − gt (y)‖
(lip(u)/(1 − lip(u)) ) · ‖x − y‖ for any x, y ∈ Rm and each t . This shows lip(gt ) 
lip(u)/(1− lip(u)) and we have lip(φ−1t ) 1/(1− lip(u)), which completes the proof. 
Remark 6. Under the assumption of Proposition 5, let U be an open set of Rm such that
U contains supp(u) (= the closure of Rm\u−1(0)). Then we have from Remark 2 that
φt |U :U → U (0 t  1) is a family of Lipschitz homeomorphisms in the metric sense.
3. Topology of the spaces of Lipschitz immersions and submersions (compact case)
In this section, we shall study the topology of the spaces of Lipschitz immersions and
submersions. Then we have the following proposition.
Proposition 7. Let M and N be Lipschitz manifolds of dimension m and n, respectively. If
M is compact and m n, then ImmLIP(M,N) is open in CLIP(M,N).
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Proof. Let f ∈ ImmLIP(M,N). From the compactness of M and the definition of Lip-
schitz immersion, there exist a family of finite local charts {(Ui, ϕi)}ki=1 of M and a
family of finite local charts {(Vi,ψi)}ki=1 of N such that for each i , (i) ϕi(Ui) is an open
ball in Rm, (ii) f (Ui) ⊂ Vi , (iii) ψi ◦ f ◦ ϕ−1i (x1, . . . , xm) = (x1, . . . , xm,0, . . . ,0), and
(iv) M =⋃ki=1 Ui .
Let Wi , Xi be open subsets of Ui for each i such that Wi ⊂ Xi , Xi ⊂ Ui , ϕi(Wi)
and ϕi(Xi) are closed balls in Rm and M = ⋃ki=1 Wi . We can take a family of Lip-
schitz functions µi :M → [0,1] (i = 1,2, . . . , k) such that µi = 1 on Wi and supp(µi) ⊂
Xi for each i . Then we show that there exist small εi > 0 such that for any g ∈⋂k
i=1N LIP(f, (Ui, ϕi), (Vi,ψi), εi,Xi), g is a Lipschitz immersion.
Take any point p ∈ M . Then we may assume p ∈ W1. We identify W1, X1, U1 and V1
with Dm(1), Dm(2), Dm(3) and Dm(4) × Dn−m(4) such that f (x) = (x,0) for x ∈ U1,
where Dl(r) = {(x1, . . . , xl) | x21 +· · ·+x2l < r2} for r > 0. Let u :Rn →Rn be a Lipschitz
map such that u(x, y) = µ1(x)ν1(y)(g(x) − (x,0)) on U1 × T1 and u|Rn\U1×T1 = (0,0),
where T1 = Dn−m(3), Z1 = Dn−m(1), Y1 = Dn−m(2) and ν1 :T1 → [0,1] is a Lipschitz
function satisfying ν1 = 1 on Z1 and supp(ν1) ⊂ Y1. We define a map Φ :U1 × T1 →
U1 × T1 by Φ(x,y) = (x, y)+ u(x, y). Then we can easily see the well-definedness of Φ .
For any distinct points (x, y), (x ′, y ′) ∈ U1 × T1, we have∥∥u(x, y)− u(x ′, y ′)∥∥

∣∣µ1(x)ν1(y)∣∣ · ∥∥g(x) − (x,0)− (g(x ′) − (x ′,0))∥∥
+ ∣∣µ1(x)ν1(y) − µ1(x ′)ν1(y ′)∣∣ · ∥∥g(x ′) − (x ′,0)∥∥

∥∥g(x) − f (x)− (g(x ′) − f (x ′))∥∥
+ (∣∣µ1(x) − µ1(x ′)∣∣ · ∣∣ν1(y)∣∣+ ∣∣µ1(x ′)∣∣ · ∣∣ν1(y) − ν1(y ′)∣∣)
· ∥∥g(x ′) − f (x ′)∥∥
< ε · ‖x − x ′‖ + ε1 ·
(




1 + lip(µ1) + lip(ν1)
)
ε1 ·
∥∥(x − x ′, y − y ′)∥∥.
Therefore, if ε1 < 1/(1 + lip(µ1) + lip(ν1)), then Φ :U1 × T1 → U1 × T1 is a Lipschitz
homeomorphism by Proposition 5 and Remark 6. Since Φ(x,y) = (x, y) + g(x) − (x,0)
on W1 × Z1, we have that Φ ◦ f = g on W1, hence Φ−1 ◦ g(x) = (x,0) for each x ∈ W1.
Therefore g is a Lipschitz immersion. This completes the proof. 
Proposition 8. Let M and N be Lipschitz manifolds of dimension m and n, respectively. If
M is compact and m n, then SubLIP(M,N) is open in CLIP(M,N).
Proof. Let f ∈ SubLIP(M,N). From the compactness of M and the definition of Lipschitz
submersion, there exist a family of finite local charts {(Ui, ϕi)}ki=1 of M and a family of
finite local charts {(Vi,ψi)}ki=1 of N such that for each i , (i) ϕi(Vi) is an open ball in Rn,
(ii) f (Ui) ⊂ Vi , (iii) ψi ◦f ◦ϕ−1i (x1, . . . , xm) = (xm−n+1, . . . , xm) and (iv) M =
⋃k
i=1 Ui .
Let Wi , Xi and Yi be open subsets of Ui for each i such that Wi ⊂ Xi , Xi ⊂ Yi ,
Y i ⊂ Ui and M =⋃ki=1 Wi . We can take a family of Lipschitz functions µi :M → [0,1]
148 K. Fukui, T. Nakamura / Topology and its Applications 148 (2005) 143–152
(i = 1,2, . . . , k) such that µi = 1 on Xi and supp(µi) ⊂ Yi for each i . Then we show that
there exist small εi > 0 such that for any g ∈⋂ki=1 N LIP (f, (Ui, ϕi), (Vi,ψi), εi, Y i), g
is a Lipschitz submersion.
Take any point p ∈ M . Then we may assume p ∈ W1. We identify W1, X1, Y1, U1 and
V1 with Dm−n(1) × Dn(1), Dm−n(2) × Dn(2), Dm−n(3) × Dn(3), Dm−n(4) × Dn(4),
Dn(5) such that f = pr on U1, where pr(x1, . . . , xm) = (xm−n+1, . . . , xm). Let u :Rm →
R
m be a Lipschitz map such that u(x) = µ1(x)(0, g(x) − f (x)) on U1 and u|Rm\U1 =
(0,0). Then we define a map Φ :U1 → U1 by Φ(x) = x + u(x). For any distinct points
x, y ∈ U1, we have∥∥u(x) − u(y)∥∥

∣∣µ1(x)∣∣ · ∥∥g(x) − f (x) − (g(y) − f (y))∥∥





ε1 · ‖x − y‖.
Therefore, if ε1 < 1/(1 + lip(µ1)), then Φ :U1 → U1 is a Lipschitz homeomorphism by
Proposition 5 and Remark 6. Since Φ(x) = (x1, . . . , xm−n, g(x)) on X1 and ‖Φ(x)−x‖
‖g(x) − f (x)‖ < ε1 < 1 on W1, we have that pr ◦ Φ = g on X1 and Φ−1(W1) ⊂ X1,
hence pr = g ◦ Φ−1 on W1. Therefore g is a Lipschitz submersion. This completes the
proof. 
4. Topology of the space of Lipschitz embeddings (compact case)
In this section, we shall study the topology of the space of Lipschitz embeddings.
Theorem 9. Let M , N be two Lipschitz manifolds. If M is compact, then EmbLIP(M,N)
is open in CLIP(M,N).
Proof. Let f ∈ EmbLIP(M,N). Since f (M) is a compact Lipschitz submanifold of N , we
have a family of finite local charts {(Vi,ψi)}ki=1 of N such that (i) each ψi(Vi) is an open
ball in Rn, (ii) each ψi(Vi ∩ f (M)) = ψi(Vi) ∩Rm × {0} is an open ball in Rm × 0 ⊂ Rn
and (iii) f (M) ⊂⋃ki=1 Vi , whence M has the altas {(Ui, ϕi)}ki=1, where Ui = f−1(Vi) and
ϕi = ψi ◦ f |Ui . Note that Vi ∩ f (M) = f (Ui) for each i .
Let Wi , Xi be open subsets of Ui such that Wi ⊂ Xi , Xi ⊂ Ui , ϕi(Wi) and ϕi(Xi) are
closed balls in Rm and M =⋃ki=1 Wi . Moreover, let Zi , Z′i , Yi be open subsets of Vi such
that Zi ⊂ Z′i , Z
′
i ⊂ Yi , Y i ⊂ Vi , Zi ∩ f (M) = f (Wi) and Y i ∩ f (M) = f (Xi). As saw in




N LIP(f, (Ui, ϕi), (Vi,ψi), εi,Xi)⊂ ImmLIP(M,N),
whereNf is a neighborhood of f in CLIP(M,N). Moreover, we can choose ε > 0 so small
that for every g ∈Nf , g(M) ⊂⋃ki=1 Zi , g(Wi) ⊂ Z′i and if Zi ∩ Zj = ∅ then{
y ∈ Rn | ∥∥y −ψi(z)∥∥< εi, z ∈ Z′i ∩ Z′j}⊂ ψi(Yi ∩ Yj ).
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Then we show that each g ∈ Nf is injective. Suppose that g(x) = g(x ′) for some x =
x ′ ∈ M . Let x ∈ Wi , x ′ ∈ Wi′ and g(x) = g(x ′) ∈ Zj . Since g(x) ∈ Z′i ∩ Z′j and ‖ψi ◦
f (x)−ψi ◦g(x)‖ < εi , we have ψi ◦f (x) ∈ ψi(Yi ∩Yj ), so f (x) ∈ Yj ∩f (M) = f (Xj ),
which implies x ∈ Xj because f is an embedding. Similarly, we have also x ′ ∈ Xj . Since
g ∈N LIP(f, (Uj ,ϕj ), (Vj ,ψj ), εj ,Xj ), it follows that∥∥ϕj (x) − ϕj (x ′)∥∥= ∥∥(ψj ◦ f (x)− ψj ◦ g(x))− (ψj ◦ f (x ′) − ψj ◦ g(x ′))∥∥
< εj
∥∥ϕj (x)− ϕj (x ′)∥∥< ∥∥ϕj(x) − ϕj (x ′)∥∥,
which is a contradiction. Therefore, g is an injective Lipschitz immersion, and hence a
Lipschitz embedding since M is compact. Thus, we haveNf ⊂ EmbLIP(M,N). This com-
pletes the proof. 
Since for any f ∈ EmbLIP(M,M), f (M) is closed and open in M , f is a homeomor-
phism, hence EmbLIP(M,M) coincides with HLIP(M). Then we have the following.
Corollary 10. Let M be a compact Lipschitz manifold. Then HLIP(M) is open in
CLIP(M,M).
Remark 11. Theorem 9 does not hold in general, when M is not compact. Let M = R. We
define a family of Lipschitz functions ϕn :R→R (n ∈N) by
ϕn(x) =
{
x − (n − 1) for x ∈ [n − 1, n],
−x + (n + 1) for x ∈ [n,n + 1],
0 otherwise.
Then fn = idR + ϕn is not Lipschitz homeomorphism for every n ∈ N, but for any neigh-
borhood of idR, there exits a sufficiently large n ∈ N such that fn is contained in the
neighborhood of idR under the compact-open Lipschitz topology.
5. Topology of the space of Lipschitz embeddings (non-compact case)
In this section, we shall study the topology of the space of Lipschitz embeddings for the
non-compact case.
Let f ∈ CLIP(M,N). We take families of local charts Φ = {(Uα,ϕα)}α∈A and Ψ =
{(Vα,ψα)}α∈A on M and N , respectively, and a family of compact subsets K = {Kα}α∈A
such that {Uα}α∈A is a locally finite open cover of M , Kα ⊂ Uα and f (Uα) ⊂ Vα . For such
Φ , Ψ , K and a family of positive numbers ε = {εα}α∈A, we define N LIP(f, Φ, Ψ, ε, K)
by the set of all g ∈ CLIP(M,N) such that for any α ∈ A, g(Kα) ⊂ Vα ,
sup
x∈ϕα(Kα)




ψα ◦ f ◦ ϕ−1α |ϕα(Kα) − ψα ◦ g ◦ ϕ−1α |ϕα(Kα)
)
< εα.
The sets N LIP(f, Φ, Ψ, ε, K) form a neighborhood basis at f for a topology on
CLIP(M,N). We call this topology the strong Lipschitz topology. Note that this topology
coincides with the compact-open Lipschitz topology if M is compact (cf. [3,5]).
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Lemma 12. Let M be a Lipschitz manifold of dimension m. For any locally finite Lip-
schitz atlas U of M , there exists a Lipschitz atlas Φ = ⋃(m+1)2i=1 Φi of M , where Φi ={(Ui,j , ϕi,j )}j∈N such that
(i) {Ui,j }j∈N is discrete,
(ii) each ϕi,j (Ui,j ) is an open ball in Rm and
(iii) {Ui,j }i,j refines U .
Proof. From Lemma 2.7 of Munkres [7], any locally finite Lipschitz atlas
U = {(Uα,ϕα)}α∈A of M with Uα compact has a locally finite countable open refine-
ment Φ ′ = {(Ui, ϕi)}i∈N with Ui compact, which is the union of m + 1 collections
Φ ′0,Φ
′
1, . . . ,Φ
′
m such that the sets belonging to any one Φ ′j are pairwise disjoint. Then
there is a shrinking {Vi}i∈N of Φ ′ such that each V i(⊂ Ui) is compact and {Vi}i∈N cov-
ers M . Since ϕi(V i) is a compact subset of Rm, we can take finite open ball covering
Φ ′′i = {Bi,s} (i ∈ N; s = 1, . . . , ki) of ϕi(V i) which is the union of m + 1 collections
Φ ′′i,0,Φ ′′i,1, . . . ,Φ ′′i,m such that ϕi(V i) ⊂
⋃ki
s=1 Bi,s ⊂ ϕi(Ui) and the sets belonging to
any one Φ ′′i,j are pairwise disjoint. This is possible by considering the dual cell complex
of a small triangulation of Rm. We put Ui,s = ϕ−1i (Bi,s ) for each i and s = 1, . . . , ki
and consider the locally finite covering {Ui,s} (i ∈ N; s = 1, . . . , ki) of M . Then by
rearranging suffix numbers, we have a Lipschitz atlas Φ = ⋃(m+1)2i=1 Φi of M , where
Φi = {(Ui,j , ϕi,j )}j∈N such that (i) {Ui,j }j∈N is discrete, (ii) each ϕi,j (Ui,j ) is an open
ball in Rm and (iii) {Ui,j }i,j refines U . This completes the proof. 
By Lemma 12 and the same arguments as those in Propositions 7 and 8, we have the
following.
Proposition 13. Let M , N be two Lipschitz manifolds of dimension m and n. If m 
n (respectively m  n), Then ImmLIP(M,N) (respectively SubLIP(M,N)) is open in
CLIP(M,N) with the strong Lipschitz topology.
Proof. Let f ∈ ImmLIP(M,N). By rearranging suffix numbers in a Lipschitz atlas in
Lemma 12 again and the definition of Lipschitz immersion, there exist a Lipschitz atlas
Φ = {(Ui, ϕi)}i∈N of M and a family of local charts Ψ = {(Vi,ψi)}i∈N of N such that
(i) each ϕi(Ui) is an open ball in Rm, (ii) f (Ui) ⊂ Vi and (iii) ψi ◦ f ◦ ϕ−1i (x1, . . . , xm)= (x1, . . . , xm,0, . . . ,0).
For each i , we take open subsets Wi , Xi of Ui satisfying that Wi ⊂ Xi , Xi ⊂ Ui , ϕi(Wi)
and ϕi(Xi) are closed balls in Rm and M =⋃i∈N Wi . Put X = {Xi}. Then by the same
arguments as those in the proof of Proposition 7 for each Ui , we can show that there exists
a family of small positive numbers ε = {εi} such that for any g ∈N LIP(f,Φ,Ψ, ε,X), g is
a Lipschitz immersion.
The statement for SubLIP(M,N) is similarly proved. 
Theorem 14. Let M be a non-compact Lipschitz manifold and N be a Lipschitz manifold.
Then EmbLIP(M,N) is open in CLIP(M,N) with the strong Lipschitz topology.
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Proof. Let f ∈ EmbLIP(M,N). Then f (M) is a non-compact Lipschitz submanifold of
N . By having the same argument as that in the proof of Lemma 12, we can take a locally
finite family of local charts Ψ = {(Vi, ψi)}i∈N of N such that (i) ψi(Vi) is an open ball
in Rn, (ii) ψi(Vi ∩ f (M)) = ψi(Vi) ∩ Rm × {0} is an open ball in Rm × 0 ⊂ Rn and
(iii) f (M) ⊂ ⋃i Vi , whence M has the atlas Φ = {(Ui, ϕi)}i∈N, where Ui = f−1(Vi),
ϕi = ψi ◦ f |Ui and ψi ◦ f ◦ ϕ−1i (x1, . . . , xm) = (x1, . . . , xm,0, . . . ,0).
Let Wi , Xi be open subsets of Ui such that Wi ⊂ Xi , Xi ⊂ Ui , ϕi(Wi) and ϕi(Xi) are
closed balls in Rm and M =⋃i Wi . Moreover, let Zi , Z′i , Yi be open subsets of Vi such that
Zi ⊂ Z′i , Z
′
i ⊂ Yi , Y i ⊂ Vi , Zi ∩ f (M) = f (Wi), Y i ∩ f (M) = f (Xi), ψi(Zi), ψi(Z′i )
and ψi(Y i) are closed balls in Rn. As in the proofs of Theorem 9 and Proposition 13,
we can show that there exists a family of positive numbers ε = {εi} such that for any
g ∈N LIP(f,Φ,Ψ, ε,X), g is a Lipschitz immersion and an injection, where X = {Xi}i .
Next we show that f ◦ g−1 :g(M) → f (M) is continuous in order to prove the con-
tinuity of g−1 :g(M) → M . For any open subset O in N , we have only to prove that
(f ◦ g−1)−1(O ′) = g(f −1(O ′)) is an open set in g(M), where O ′ = O ∩ f (M). We may
assume O ⊂⋃i Zi . By taking an open covering {Oi} such that O =⋃i Oi and Oi ⊂ Zi ,
we may assume that O ⊂ Z1. We identify Z1, Z′1, Y1 and V1 with Dn(1), Dn(2), Dn(3)
and Dn(4) via ψ1, respectively. Then Wi , Xi and Ui are identified with Dm(1), Dm(3)
and Dm(4) via ϕ1, respectively. Note that f (x) = (x,0) for x ∈ U1 and f−1(x,0) = x
for (x,0) ∈ f (U1) ⊂ Rm × {0} ∩ V1. Then we define a Lipschitz map gˆ1 :N → N by
gˆ1(x, y) = (x, y) + µ1(x, y) · (g(x) − (x,0)) for (x, y) ∈ V1 and gˆ1 = id on the outside
of V1, where (x, y) ∈ Rm × Rn−m and µ1 :V1 → [0,1] is a Lipschitz function satisfying
µ1 = 1 on Z′1 and supp(µ1) ⊂ Y1. For any distinct points (x, y), (x ′, y ′) ∈ Y 1, we have∥∥µ1(x, y) · (g(x) − (x,0))− µ1(x ′, y ′) · (g(x ′) − (x ′,0))∥∥

∣∣µ1(x, y)∣∣ · ∥∥(g(x) − (x,0))− (g(x ′) − (x ′,0))∥∥
+ ∣∣µ1(x, y)− µ1(x ′, y ′)∣∣ · ∥∥g(x ′) − (x ′,0)∥∥

∥∥(g(x) − f (x))− (g(x ′) − f (x ′))∥∥






∥∥(x − x ′, y − y ′)∥∥.
Therefore it follows from Proposition 5 and Remark 6 that if ε1 < 1/(1 + lip(µ1)), then gˆ1
is a Lipschitz homeomorphism. Note that gˆ1 = g ◦ f −1 on O ′ = O ∩ f (M). Then since
gˆ1(O) ⊂ Z′1, we have g ◦ f −1(O ′) = gˆ1(O ′) = gˆ1(O ∩ f (M)) = gˆ1(O) ∩ gˆ1(f (M)) =
gˆ1(O) ∩ g(M), which shows that g ◦ f −1(O ′) is open in g(M). This completes the
proof. 
EmbLIP(M,M) does not coincide with HLIP(M) in general. For example, let M be the
unit open interval (0,1) and take the embedding f ∈ EmbLIP(M,M) defined by f (x) =
x/2 for x ∈ M . Nevertheless, we have the following.
Theorem 15. Let M be a non-compact Lipschitz manifold. Then HLIP(M) is open in
CLIP(M,M) with the strong Lipschitz topology.
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Proof. Let f ∈HLIP(M). From Theorems 14 and 1.7 of Hirsch [5], there exists a neigh-
borhood Nf of f such that any g ∈Nf is a Lipschitz embedding and a surjection. This
completes the proof. 
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